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Preface 



Summability methods have been used at least since the days of Euler to assign a 
reasonable sum to an infinite series, whether it is convergent or not. In its simplest 
form, Tauberian theory deals with the problem of finding conditions under which a 
summable series is actually convergent. A first condition of this kind, which applies 
to Abel summability (the power series method), was given by Alfred Tauber in 1897. 
However, Tauberian theory began in earnest only around 1910 with the work of Hardy 
and Littlewood. Over a period of thirty years they obtained a large number of refined 
‘Tauberian theorems’, and they gave the subject its euphonious name. 

A summability method for a series typically involves an averaging process of the 
partial sums. The step from summability to convergence requires a reversal of the 
averaging. For this one generally needs an additional condition on the series, known 
as a Tauberian condition. There is an endless variety of summability methods, and a 
corresponding variety of possible Tauberian theorems. However, the subject acquires 
a certain unity by similarities among optimal Tauberian conditions. One may also 
note the frequent appearance of the Riemann-Lebesgue lemma. 

The aim of the book is to treat the principal Tauberian theorems in various cat- 
egories and to provide attractive proofs. We sometimes use more than one approach 
and occasionally generalize the results in the literature. 

The arrangement of the material roughly follows the historical development. The 
first three chapters deal with the basic theory. Chapter I describes the major Tauberian 
results of Hardy and Littlewood. They involve power series and related transforms. 
Over the years, many of the difficult original proofs have been simplified consider- 
ably. Karamata’s surprising approach by polynomial approximation receives ample 
attention. The famous ‘high-indices theorem’, which involves lacunary series with 
‘Hadamard gaps’, is treated by a variation on Ingham’s peak function method. The 
proof of some other difficult theorems is postponed till later chapters. 

An important impulse for Tauberian theory came from number theory, in particu- 
lar, the search for relatively simple proofs of the prime number theorem. In this area 
the Tauberian work of Hardy and Littlewood had not been definitive. The unsatisfac- 
tory situation was one of the factors that led Wiener to his comprehensive Tauberian 
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theory of 1932. Here the central theme is the comparison of different limitation meth- 
ods. In Chapter II, Wiener’s theory is developed on the basis of a convenient testing 
equation, which is treated both classically and by the author’s distributional method. 
With Wiener’s theory in hand we describe several paths to the prime number theorem. 
Additional proofs of the PNT may be found in other chapters; cf. the Index. 

For some of the proofs the natural setting is ‘complex Tauberian theory’, which 
is treated in Chapter III. Here conditions in the complex domain play an essential 
role. The complex theory had two roots in the early 1900’s. One was Fatou’s theorem, 
which involves power series, the other was Landau’s treatment of the prime number 
theorem, based on Dirichlet series. A common framework is provided by Laplace 
transforms. The beautiful extension of Landau’s theorem by Wiener and Ikehara is 
treated both in a classical manner and in an elegant contemporary way. Another 
attractive approach to the prime number theorem uses the newer complex analysis 
method due to Newman. Adapted to the Fatou area, this method has recently been 
applied in operator theory. The effect of conditions in the complex domain is illustrated 
also by results in Tauberian remainder theory. An earlier version of Chapter III has 
appeared as a survey under the title ‘A century of complex Tauberian theory’ , Bulletin 
of the American Mathematical Society (N.S.), vol. 39 (2002), pp 475-531. 

After Hardy, Littlewood and Wiener, the principal actor in Tauberian theory was 
Karamata. Chapter IV deals with his heritage involving ‘regular variation’, which 
has become indispensable in asymptotics of all kinds, including probability theory. 
Besides the standard theory, the chapter contains a variety of Tauberian theorems 
involving large Laplace transforms. Regular Variation is now a subject in its own 
right, witness the 1987 book with that title by Bingham, Goldie and Teugels. 

Chapter V treats other extensions of the classical theory. The first part deals with 
the Banach algebra approach to Wiener theory. Going back to Beurling and Gelfand, 
it has led to important generalizations. Other parts of the chapter serve to reduce 
‘general’ Tauberian theorems to the easier case involving the limitation of bounded 
functions or sequences. After an important boundedness theorem of Pitt, we discuss 
the functional-analytic approach initiated by the Polish school, and greatly developed 
by Zeller and Meyer-Konig. The chapter concludes with some interesting special 
theorems. 

One of the more difficult Tauberian areas concerns the Borel method of summa- 
tion, which is best known as a tool for analytic continuation. Although the Tauberian 
theory for this method was started by Hardy and Littlewood, several basic results are 
of relatively recent origin. In Chapter VI we present a new unified Tauberian theory 
for Borel summability and the related ‘circle methods’, of which Euler summability is 
the best known representative. The treatment includes a common theory for lacunary 
series with ‘square-root gaps’. 

Chapter VII is devoted to (real) Tauberian remainder theory. The basic question is 
to obtain remainder estimates for convergent series, given the order of approximation 
provided by a summability process. The chapter starts with the case of power series and 
Laplace transforms, for which Freud and the author refined the method of polynomial 
approximation. It continues with the broader approach by Ganelius and others which 
is based on refinement of Wiener theory. The final part of the chapter treats some 
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IX 



difficult nonlinear problems of the type, first considered by Erdos in connection with 
the elementary proof of the prime number theorem. The material based on Siegel’s 
unpublished ‘fundamental relation’ was taken from the author’s article ‘Tauberian 
theorem of Erdos revisited’, which appeared in Combinatorica, vol. 21 (2001), pp 
239-250. 

The idea of a ‘Tauberian book’ came up in the sixties when I lectured at Stanford 
and Oregon, but the project became dormant soon after I moved back from the U.S. 
to Amsterdam in the seventies. This notwithstanding a solemn promise, made to 
Springer series editor Sz.-Nagy (on Tolstoy’s grave, of all places) to complete a 
Tauberian book. Naturally, the present volume has evolved a great deal from the early 
notes. In the meantime, a few of the topics have been treated very nicely in small 
books by A.G. Postnikov [1979] and Jan van de Lune [1986]. Prior to these, the only 
‘general’ Tauberian book had been Pitt’s monograph [1958]. 

Although the present book deals with a large variety of results, it does not as- 
pire to completeness. The Tauberian literature is just too extensive - there are so 
many summability methods! This is clear already from Hardy’s book Divergent Se- 
ries of 1949 and the ‘Ergebnisse’ book by Zeller and Beekmann of 1970. The present 
Bibliography lists a substantial number of contributions (both old and new), but by 
no means all. Our emphasis is on Tauberian theorems for the principal summabil- 
ity methods and on results that belong to the area of classical analysis. We do not 
consider multidimensional theory or absolute summability; the book does not deal 
with Tauberian theorems for topological groups or generalized functions. There is no 
systematic treatment of the many applications, but a number of them are scattered 
through the book; see the Index. For all that is missing, the interested reader is referred 
to the well-known reference journals and databases. 

The various chapters of the book are largely independent of each other. For the 
newcomer to Tauberian theory, the first ten sections of Chapter I may serve as orien- 
tation. Beyond that, every chapter has its own introduction. The Index refers to a few 
challenging open problems. 

Acknowledgements. Under the German occupation (1940-45), students in the 
Netherlands had a difficult time. When university attendance was impossible, one 
tried to study from notes taken by older students. I am very grateful to my former 
high-school teacher C. Visser in Dordrecht and my later Ph.D. advisor H.D. Klooster- 
man at Leiden for help during this period. Visser encouraged me to explore Tauberian 
theorems that were stated without proof in notes of Kloosterman’s introductory anal- 
ysis course. Kloosterman continued to receive students at his home for examinations 
and encouraged my early independent work. For many years, my heroes were Hardy 
and Littlewood, next to Polya, Szego and Landau; a list soon extended to Karamata 
and Wiener. 

Shortly after the war, I was fortunate to meet Paul Erdos in Amsterdam, where 
he lectured on the elementary proof of the prime number theorem. He challenged me 
with related Tauberian questions, also after I moved to the U.S. Some of my early 
papers owe a great deal to his suggestions. 
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Jumping to the last few years, it is a pleasure to mention some of the many friends 
and colleagues who have helped with the book. After Fred Gehring rekindled my 
interest, Nick Bingham provided constant support and encouragement. Nick, Harold 
Diamond, Kenneth Ross, anonymous referees and other experts commented on early 
drafts of several chapters, and Ronald Kortram read through the whole book. I thank 
all of them for their useful suggestions. However, even after several rounds of editing, 
some of my mistakes and omissions are likely to remain, for which my apologies. 

On the technical side, notably LaTeX questions, my former student and junior 
colleague Jan Wiegerinck was always ready to assist with day-to-day problems. He 
and Jan van de Craats skillfully executed the drawings. At Springer Verlag, Dr. Byrne 
and her staff kindly met my wishes on the styling of the book. 

Special thanks are due to the Mathematical Institute at the University of Am- 
sterdam, which provided a desk and access to its facilities after my retirement. Our 
library is well supplied with older material, and librarian Sjoerd Lashley was always 
willing to go after newer items. The library of the CWI (Centrum voor Wiskunde en 
Informatica) in Amsterdam was very helpful too, as were friends at the University of 
Wisconsin and elsewhere; Armen Sergeev in Moscow provided me with a (photo)copy 
of Subhankulov’s hard-to-get book on remainder theory. 

The interest of the mathematical community in Tauberian theory has been rela- 
tively constant over the years. That the book may provide a new impulse! 



Amsterdam, January 2004 



Jaap Korevaar 




Contents 



I The Hardy-Littlewood Theorems 1 

1 Introduction 1 

2 Examples of Summability Methods. 

Abelian Theorems and Tauberian Question 3 

3 Simple Applications of Cesaro, Abel and Borel Summability 6 

4 Lambert Summability in Number Theory 8 

5 Tauber’s Theorems for Abel Summability 10 

6 Tauberian Theorem for Cesaro Summability 12 

7 Hardy-Littlewood Tauberians for Abel Summability 14 

8 Tauberians Involving Dirichlet Series 17 

9 Tauberians for Borel Summability 18 

1 0 Lambert Tauberian and Prime Number Theorem 18 

1 1 Karamata’s Method for Power Series 20 

12 Wielandt’s Variation on the Method 22 

13 Transition from Series to Integrals 24 

14 Extension of Tauber’s Theorems to Laplace-Stieltjes Transforms .. 28 

15 Hardy-Littlewood Type Theorems Involving Laplace Transforms . . 29 

16 Other Tauberian Conditions: Slowly Decreasing Functions 32 

17 Asymptotics for Derivatives 34 

1 8 Integral Tauberians for Cesaro Summability 37 

19 The Method of the Monotone Minorant 39 

20 Boundedness Theorem Involving a General-Kernel Transform 43 

21 Laplace-Stieltjes and Stieltjes Transform 45 

22 General Dirichlet Series 48 

23 The High-Indices Theorem 50 

24 Optimality of Tauberian Conditions 54 

25 Tauberian Theorems of Nonstandard Type 58 

26 Important Properties of the Zeta Function 62 




XII 



Contents 



II Wiener’s Theory 65 

1 Introduction 65 

2 Wiener Problem: Pitt’s Form 67 

3 Testing Equation for Wiener Kernels 70 

4 Original Wiener Problem 72 

5 Wiener’s Theorem With Additions by Pitt 74 

6 Direct Applications of the Testing Equations 77 

7 Fourier Analysis of Wiener Kernels 79 

8 The Principal Wiener Theorems 82 

9 Proof of the Division Theorem 85 

10 Wiener Families of Kernels 89 

1 1 Distributional Approach to Wiener Theory 90 

12 General Tauberian for Lambert Summability 92 

13 Wiener’s ‘Second Tauberian Theorem’ 95 

14 A Wiener Theorem for Series 98 

15 Extensions 101 

16 Discussion of the Tauberian Conditions 103 

17 Landau-Ingham Asymptotics 106 

18 Ingham Summability 110 

19 Application of Wiener Theory to Harmonic Functions Ill 

III Complex Tauberian Theorems 117 

1 Introduction 117 

2 A Landau-Type Tauberian for Dirichlet Series 120 

3 Mellin Transforms 122 

4 The Wiener-Ikehara Theorem 124 

5 Newer Approach to Wiener-Ikehara 128 

6 Newman’s Way to the PNT. Work of Ingham 133 

7 Laplace Transforms of Bounded Functions 135 

8 Application to Dirichlet Series and the PNT 138 

9 Laplace Transforms of Functions Bounded From Below 140 

10 Tauberian Conditions Other Than Boundedness 142 

11 An Optimal Constant in Theorem 10.1 146 

12 Fatou and Riesz. General Dirichlet Series 148 

1 3 Newer Extensions of Fatou-Riesz 150 

14 Pseudofunction Boundary Behavior 154 

15 Applications to Operator Theory 163 

16 Complex Remainder Theory 165 

17 The Remainder in Fatou ’s Theorem 167 

1 8 Remainders in Hardy-Littlewood Theorems 

Involving Power Series 169 

19 A Remainder for the Stieltjes Transform 173 




Contents XIII 



IV Karamata’s Heritage: Regular Variation Ill 

1 Introduction 177 

2 Slow and Regular Variation 179 

3 Proof of the Basic Properties 181 

4 Possible Pathology 184 

5 Karamata’s Characterization of Regularly Varying Functions 186 

6 Related Classes of Functions 188 

7 Integral Transforms and Regular Variation: Introduction 191 

8 Karamata’s Theorem for Laplace Transforms 192 

9 Stieltjes and Other Transforms 194 

10 The Ratio Theorem 197 

11 Beurling Slow Variation 199 

12 A Result in Higher-Order Theory 200 

1 3 Mercerian Theorems 202 

14 Proof of Theorem 13.2 204 

15 Asymptotics Involving Large Laplace Transforms 207 

16 Transforms of Exponential Growth: Logarithmic Theory 208 

17 Strong Asymptotics: General Case 212 

18 Application to Exponential Growth 214 

19 Very Large Laplace Transforms 217 

20 Logarithmic Theory for Very Large Transforms 219 

21 Large Transforms: Complex Approach 222 

22 Proof of Proposition 21.4 226 

23 Asymptotics for Partitions 228 

24 Two-Sided Laplace Transforms 232 

V Extensions of the Classical Theory 235 

1 Introduction 235 

2 Preliminaries on Banach Algebras 236 

3 Algebraic Form of Wiener’s Theorem 237 

4 Weighted L 1 Spaces 239 

5 Gelfand’s Theory of Maximal Ideals 241 

6 Application to the Banach Algebra = (L w , C) 244 

7 Regularity Condition for 246 

8 The Closed Maximal Ideals in 248 

9 Related Questions Involving Weighted Spaces 250 

10 A Boundedness Theorem of Pitt 250 

11 Proof of Theorem 10.2, Part 1 252 

12 Theorem 10.2: Proof that S(y) = 0(e 254 

13 Theorem 10.2: Proof that S(y) = 255 

14 Boundedness Through Functional Analysis 257 

15 Limitable Sequences as Elements of an FK -space 257 

16 Perfect Matrix Methods 259 

17 Methods with Sectional Convergence 261 

18 Existence of (Limitable) Bounded Divergent Sequences 262 




XIV Contents 



19 Bounded Divergent Sequences, Continued 264 

20 Gap Tauberian Theorems 266 

21 The Abel Method 268 

22 Recurrent Events 270 

23 The Theorem of Erdos, Feller and Pollard 272 

24 Milin’s Theorem 274 

25 Some Propositions 275 

26 Proof of Milin’s Theorem 278 

VI Borel Summability and General Circle Methods 279 

1 Introduction 279 

2 The Methods B and B' 282 

3 Borel Summability of Power Series 283 

4 The Borel Polygon 285 

5 General Circle Methods I\ 288 

6 Auxiliary Estimates 290 

7 Series with Ostrowski Gaps 292 

8 Boundedness Results 295 

9 Integral Formulas for Limitability 297 

10 Integral Formulas: Case of Positive s n 300 

1 1 First Form of the Tauberian Theorem 302 

12 General Tauberian Theorem with Schmidt’s Condition 305 

13 Tauberian Theorem: Case of Positive s n 306 

14 An Application to Number Theory 310 

1 5 High-Indices Theorems 311 

16 Restricted High-Indices Theorem for General Circle Methods 313 

17 The Borel High-Indices Theorem 317 

18 Discussion of the Tauberian Conditions 319 

19 Growth of Power Series with Square-Root Gaps 323 

20 Euler Summability 325 

21 The Taylor Method and Other Special Circle Methods 328 

22 The Special Methods as -Methods 331 

23 High-Indices Theorems for Special Methods 334 

24 Power Series Methods 335 

25 Proof of Theorem 24.4 338 

VII Tauberian Remainder Theory 343 

1 Introduction 343 

2 Power Series and Laplace Transforms: 

How the Theory Developed 344 

3 Theorems for Laplace Transforms 351 

4 Proof of Theorems 3.1 and 3.2 354 

5 One-Sided L 1 Approximation 356 

6 Proof of Proposition 5.2 358 

7 Approximation of Smooth Functions 362 




Contents 



XV 



8 Proof of Approximation Theorem 3.4 364 

9 Vanishing Remainders: Theorem 3.3 366 

10 Optimality of the Remainder Estimates 369 

1 1 Dirichlet Series and High Indices 373 

12 Proof of Theorem 1 1 .2, Continued 377 

13 The Fourier Integral Method: Introduction 379 

14 Fourier Integral Method: A Model Theorem 381 

15 Auxiliary Inequality of Ganelius 383 

16 Proof of the Model Theorem 386 

17 A More General Theorem 389 

18 Application to Stieltjes Transforms 392 

19 Fourier Integral Method: Laplace-Stieltjes Transform 394 

20 Related Results 398 

21 Nonlinear Problems of Erdos for Sequences 400 

22 Introduction to the Proof of Theorem 21.3 403 

23 Proof of Theorem 21.3, Continued 406 

24 An Example and Some Remarks 408 

25 Introduction to the Proof of Theorem 21.5 410 

26 The Fundamental Relation and a Reduction 412 

27 Proof of Theorem 25 . 1 , Continued 415 

28 The End Game 417 

References 421 



Index 



469 




I 



The Hardy-Littlewood Theorems 



1 Introduction 

In various contexts - think of Fourier series or analytic continuation - it is important 
to have a method which sums a given infinite series Y1T=0 a n • ^ ma y difficult 
to determine the sum of a convergent series directly, or one may wish to assign a 
reasonable sum to a possibly divergent series. The simplest summability method is 
Cesaro’s or the method of arithmetic means. Here one forms the arithmetic means 

SO + ^1 + ‘ • ' + Sj2 — i 

a n = ( 1 . 1 ) 

n 

of partial sums s n = YTk = o a k* an( l one looks for a limit of the averages a n instead 
of lim s n . If lim o n exists, it is called the Cesaro sum of ^ a n . More powerful (in 
the sense that it sums more series) is the so-called Abel method, or power series 
method, sometimes called the Abel-Poisson method. Assuming that the power series 
X^Lo a n xH converges to a sum function f(x ) for \x\ < 1 , one can write f(x) as a 
weighted average of the partial sums s n : 



oo 

oo E s nX n 

fix) = J2 a n x " = ^ • (!-2) 

n=0 ^ x n 

n= 0 

If f(x) tends to a (finite) limit A as x / 1, then A is called the Abel sum of a n . It 
follows from (1.2) that the Abel sum of a convergent series is equal to the usual sum, 
lim 572 . This is Abel’s continuity theorem [1826] which gave the summability method 
its name. Furthermore, the divergent series 

1 — 1 + 1 — 1H , 1-2 + 3-4 + ... 

have Abel sums 1/2 and 1/4, respectively. The first series has Cesaro sum 1/2; the 
second is not summable by the use of (1.1). There is a nice essay on the history of 
summability theory in chapters 1 and 2 of Hardy’s book Divergent Series [1949]. 
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For many applications one would like to know under what conditions a summable 
series is actually convergent; cf. Section 4 for series in number theory and Section 6 for 
Fourier series. Summability usually involves averaging, hence one would need a con- 
dition under which one can ‘undo’ the averaging. A first converse result was obtained 
in [1897] by the Austrian mathematician Alfred Tauber (1866-1942). (Tauber later 
specialized in the mathematics of insurance; cf. the biographical information in Binder 
[1984]). Tauber’s sufficient condition for the convergence of an Abel summable series 
^2 a n was ‘ na n — > O’. In [1910], Hardy asked whether boundedness of the sequence 
{na n } would be sufficient, and Littlewood [1911] proved that it is. His paper started 
the lifelong collaboration between Hardy and Littlewood, one of the most successful 
of all time. Jointly they obtained a large variety of conditional converses of conti- 
nuity theorems or Abelian theorems. Beginning with the brief note [1913c], Hardy 
and Littlewood called their converses Tauberian theorems. This chapter deals with a 
substantial number of their results, both for series and for integrals. 

Littlewood’ s theorem has fascinated many mathematicians. It was not that his 
‘Tauberian condition’ for the convergence of Abel summable series J2 a n was spec- 
tacular. The condition ‘{ na n } bounded’ is simple and, perhaps surprisingly, it is op- 
timal as an order condition on the terms a n \ cf. Section 24. Littlewood’s result was 
impressive because the simple answer seemed to require a very complicated proof. An 
important aspect of his proof was a condition under which asymptotic relations can 
be differentiated; cf. Section 17 for fairly refined results. The resulting technique of 
‘repeated differentiation’ was used by Hardy and Littlewood in many of their papers 
(starting with [1914a]). It serves to give a great deal of weight to a particular term 
involving s n , so that the behavior of s n can be studied. 

It came as a big surprise to the mathematical community when Karamata [1930a] 
found a much simpler proof for Littlewood’s theorem and other Tauberian theorems 
for power series. His technique emphasizes a group of terms in a series with the aid of 
polynomial approximation; see Sections 11, 12. In Sections 15, 21 we discuss more 
general integral analogs of the Hardy-Littlewood theorems for power series. 

However, some of the most striking Hardy-Littlewood theorems remain difficult 
until today. Among them are their Tauberians for Borel and Lambert summability 
(Hardy and Littlewood [1916], [1921]), the latter of great interest in number theory. 
The theorems are stated in this chapter but will be proved later. A breakthrough in 
their treatment came with Wiener’s general Tauberian theory [1928], [1932], which is 
based on Fourier transforms (see Chapter II). Another Hardy-Littlewood spectacular 
[1926] was the so-called high-indices theorem, which involves lacunary power series. 
If the gaps between the powers are large enough, the analog of Littlewood’s theorem 
no longer requires an order condition on the coefficients!! Ingham [1937] found a 
simpler proof for this result with the aid of ‘peak functions’ ; cf. also his paper [1965]. 
Our version of the proof is somewhat more direct; see Section 23. 

Very often, the first step in a convergence proof for series is to show that the partial 
sums are bounded. Useful boundedness results may be found in Sections 5, 19 and 
20. Optimality of Tauberian conditions is discussed in Section 24. 
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It is not possible to discuss all the work on summability by Hardy, Littlewood and 
their contemporaries in a book on Tauberian theory. Fortunately much of that material 
can be found in Hardy’s book Divergent Series which was mentioned earlier; other 
sources are Zeller and Beekmann [1958/70], Baron [1966/77] (in Russian) and Boos 
[2000]. A few books or booklets are devoted entirely to certain aspects of Tauberian 
theory: Karamata [1937b], Pitt [1958], Subhankulov [1976] (in Russian), Postnikov 
[1980], and van de Lune [ 1 986] . Other books contain more or less elaborate Tauberian 
chapters, notably the books on summability mentioned above. One may also consult 
Wiener [1933], Widder [1941], Peyerimhoff [1969], the survey Kangro [1974] (in 
Russian) for the years 1964-1973, and Bingham, Goldie and Teugels [1987]. Volume 
6 of Hardy’s ‘Collected Papers’ [1974], with editorial comment, is a valuable source. 
For a quick look at some of the older theory and interesting commentary, see Gaier’s 
expanded edition of Landau’s ‘Neuere Ergebnisse der Funktionentheorie y (Landau 
and Gaier [1986]). 

Many results in this chapter hold only for real series and functions. This is rarely 
stated explicitly, but should be clear from the form. For possible extensions to the 
complex case one may consider real and imaginary parts. 



2 Examples of Summability Methods. 

Abelian Theorems and Tauberian Question 

In each example below we compare two summability methods, P and 2, for infinite 
series o a " (°f ten written a n ). Here method Q will always be ‘stronger’ 
than P in the following sense. All P-summable series are Q-summable, to the same 
finite (generalized) sum, briefly, Q is consistent with P. However, some g-summable 
series would fail to be P-summable. A method which sums all convergent series to 
the usual sum is called regular. 

If the series a n is P-summable to A, or has 6 P sum’ A, the partial sums 
s n = Ylk = o a k are sa id to be P-limitable to A. 

Example 2.1. (Cauchy [1821]): 

p Q 

Ordinary convergence: Cesaro summability (of order 1) : 

the arithmetic mean 

s n = a 0 4- a\ + • ’ * + a n — > A cr n = (so + s\ + • • • + s n - 1 )/ n 

tends to a limit A' as n — ► oo, 
the ‘Cesaro sum’ of a n 

If s n -> A then also o n — ► A. 

The divergent series 1 — 1 + 1 — 1 + • • • has Cesaro sum 1/2. 

Remarks. There is extensive literature on a whole hierarchy of Cesaro methods. For 
these (C, k ) methods, see for example Hardy [1949], Baron [1966/77]. In Cesaro’s 
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work [1890] these methods played an important role in the multiplication of series; 
cf. Section 3. For us Cesaro summability will mean the (C, 1) summability of the 
present example, except in Section 18. 

Conceptually simpler (but not analytically!) are the Holder methods (//, k), which 
(for integral k > 2) are obtained by repeated formation of arithmetic means. It was 
shown by Knopp and Schnee that the (C, k ) and ( H , k) method are equivalent: they 
sum the same series, to the same sum; see for example Hardy (loc. cit.). 

Example 2.2. (Abel [1826]): 

p Q 

Ordinary convergence: Abel summability : 

the power series a n xH 
converges for |jc| < 1 , 

s n = T!k=o a k A and /(*) = J2 a n* n 

tends to a limit A! as x / 1, 
the ‘Abel sum’ of a n 

If s n ^ A then f(x) is well-defined for \x\ < 1 and f(x) A as x / 1 (‘Abel’s 
continuity theorem’): 

. i 2 , 50 + S\X + S2X 2 -h • • • 

ao + a\x + a^x + • • • — — : 5 A. (2.1) 

1 + x + + • • • 

The series 1— 2 + 3 — 4H has Abel sum 1 /4. It is not Cesaro summable. 

Example 2.3. (Frobenius [1880]): 

P Q 

Cesaro summability: Abel summability: 

&n = (5o + 5i + • • • + s n - 1 )/ n —> A f (x) = a n x n — > A' as x f 1 

If o n A then f(x) is well-defined for \x\ < 1 and f(x) — > A as x f 1: 




The higher-order Cesaro methods described in Section 18 are stronger than the first 
order method, but not as powerful as Abel summability. 




2 Summability Methods. Abelian Theorems, Tauberian Question 
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Abelian Theorems. Because of Examples 2.2 and 2.3, continuity theorems of the 
form 

a n is P-summable to A =>* ^ a n is g-summable to A 
(so that Q is ‘stronger’ than P) are called Abelian theorems. 

Example 2.4. (Borel [1899], [1901/28]): 

P Q 

Ordinary convergence: Borel summability: 

s n* n /n\ converges for all x 
s n -> A and F(x) = e~ x ^s n x n /n\ 

tends to a limit A r as x -> oo, 
the ‘Borel sum’ of ]T a n 

If s n — ► A then F(x) is well-defined for all a > 0 and F(x) — ► A as x -* oo: 

oo 

£ S n x n /n\ 

Fix) = ^ ► A. (2.3) 

n=0 

Example 2.5. (Hardy [1914a], Ananda-Rau [1921]): 



p Q 

Ordinary convergence: Lambert summability: 

the ‘Lambert series’ 

s n A where L(x) = x{log(l/x)}/(l — x) 

(Lambert kernel; L(l) = 1) 
converges for 0 < x < 1 , 
and g(x) = J2a n L(x n ) 
tends to a limit A! as x f 1 , 
the ‘Lambert sum’ of a n 

If s n -* A then g(x) is well-defined for |x| < 1 and g(x) -> A as x / \. This may 
be derived from the observation that for 0 < x < 1 , 



^^a n L{x n ) = ' S ^s n {L{x n ) — L{x n+l )} with {•••}> 0. 

n = 0 n = 0 

The Lambert kernel looks more tractable if one substitutes x — e~ l \ 

log(l/x) t 

L(x) = x— gives L(e *) = -. 

1 — x e* — 1 



(2.4) 



(2.5) 



We now come to the basic question of this chapter: 
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I The Hardy-Littlewood Theorems 



Question 2.6. (Tauberian Problem) Which series a n , summable by the ‘ stronger ’ 

method Q, are also summed by the ‘ weaker ’ method P ? 

Is there some (nontrivial) condition on the terms a n of the series, under which its 
2-summability implies its P- summability? Such a condition T{a n } is called a Tau- 
berian Condition, the resulting theorem is a Tauberian Theorem, occasionally 
called a ‘Tauberian’. 

Classical Form 2.7 of Tauberian theorems for series: 

Tan is g-summable & T{a n } =>► T^ a n is P -summable. (2.6) 

Although they may not precisely conform to this pattern, the early Tauberian theorems 
were almost always conditional converses of continuity theorems; see Sections 5-10. 
However, there are classical Tauberian-type theorems (2.6) for cases where not all 
P-summable series are Q-summable. Examples of such ‘nonstandard’ theorems may 
be found in Section 25. 



3 Simple Applications of Cesaro, Abel and Borel Summability 



Cesaro Summability. Cesaro [1890] used his method to discuss multiplication of 
series. He proved that for convergent series Ylo* a n = A and Ylo* b n = P, the Cauchy 
product c n (given by c n = Yk = 0 a kb n -k) is Cesaro summable to C = AB. This 
is a special case of his results for (C, k ) summable series; cf. Hardy [1949] (chapter 
10 ). 

A more important application involves Fourier series. Fejer [1904] proved that the 
Fourier series of an arbitrary continuous function / of period 2tc is Cesaro summable 
to fit) at every point t. (The series need not converge at every point.) To verify Fejer’s 
theorem, one may first write the partial sum 

Y k k 

Sk(f, t) = -ao + cos jt +bj sin jt) = ^ cje lJt 

j = 1 j=-k 

of the Fourier series in integral form: 



k ^ i pit 

Sk ( f , t )= c i eijt = E 2^/ 
j=-k j=-k ZJl J ~* 



f(u)e- iju du ■ e ijt 



sin(fe +i)(r-w) 

= / f(u) ; du 

J — 71 



sin (k + i )u 



2iz sin l {t — u) 



f fit-u r i ^ 1 v du. 

J —71 



lit sin i u 



The average cr n if, t) of the partial sums so, * • • , s n -\ may now be expressed with 
the aid of the Fejer kernel F n : 



& n ( f , t )= f fit - u)F n iu)du, 
J — 71 



(3.1) 




